The well-known tough issue of the decomposition of separable Werner and Isotropic states is investigated in the Bloch representation. Thanks to the existence of SIC-POVM in arbitrary dimentional Hilbert space, we successively obtain the decomposition forms for any separable Werner states. And, by means of the relation between Werner state and Isotropic state, we can get as well the decomposition forms for separable Isotropic states. A geometrical interpretation of the decomposition feasibility in our scheme is given. arXiv:2003.00694v1 [quant-ph] 
Introduction
As one of the essential physical resources in quantum processing, entanglement has been studied extensively [1] , while still in the early phase of fully understanding [2] . Being part of the quantum correlation, entanglement is essentially different from classical correlation. After experienced a series of experiments [3, 4] , especially the Bell test, quantum entanglement is well established. The entanglement may exhibit various inequivalent contextures in name of the local operation. * To whom correspondence should be addressed, qiaocf@ucas.ac.cn In 1989, Werner proposed a practical definition about the separability of quantum state [5] , which narrates "the separable state can be written as a convex combination of product states". However, in practice it is a tough issue to express the separable state in such decomposition form. Werner proposed an important class of states, which is nowadays named the Werner state. The Werner state bears high symmetry, and hence its many properties can be conveniently investigated for the aim of quantum information processing, such as steering [6] , quantum discord [7] , distillability [8, 9] , etc.
The Werner state has been investigated with great effort, however, till now we still do not have the explicit decomposition form for arbitrary separable Werner state. Refs. [10, 11, 12, 13] discover some solutions applicable merely to specific separable states. In Ref. [14] the decomposition of the separable Werner state was investigated, and authors conjectured that the Werner state may be decomposed by regular simplex with circumradius 2(N −1) N in the Bloch-vector space of N -dimentional mixed state. We know the existence of the regular simplex in this case is equivalent to the existence of a symmetric, informationally complete, positive operator-valued measure (SIC-POVM), and the latter has been widely studied [15] .
In this paper, we try to decompose all separable Werner states via the regular simplex in Bloch-vector space, to find the geometrical structure of the decomposition and its relation to Wootters' decomposition [10] . The connection of Werner state with Isotropic state, a class of special quantum state introduced by Horodecki et al. [16] , will be discussed, and also the decomposition of separable Isotropic state.
General representation of the biparitite separable state
According to Werner [5] , the separable states are those which can be expressed as a convex combination of some product states, that is,
where ρ A i and ρ B i are density matrices of particles A and B respectively, with p i > 0, L i p i = 1 and L the number of states, otherwise it is definitely an entangled state. In fact, this definition can be reformulated by virtue of the Bloch representation.
In Bloch representation arbitrary quantum state writes
where r is a N 2 − 1 dimentional real vector and called Bloch vector or coherent vector with components r µ = T r(ρλ µ ). Here, λ µ are the N 2 − 1 generators of the SU (N ) group. The range of the Bloch vector r depends on whether ρ is positive semidefinite or not. The set of the Bloch vectors span a Bloch-vector space, in which there exist an inscribed sphere with radius r = 2 N (N −1) and a circumscribed sphere with radius R = 2(N −1)
N [17] . It is well-known that, when N = 2, the Bloch-vector space is a unit ball in three dimentional real Euclid space, while in the case of N > 2, the Bloch-vector space turns to be complicated.
For an arbitrary bipartite system with dimension N ×M , the state in Bloch representation can be expressed as
, and σ ν , like λ µ , are generators of the SU (M ) group. According to the Corollary 1 of Ref. [18] , for our aim, we only need to consider the state with full local rank, say,
Note, hereafter, without specific mention, the bipartite state implies in the (2.4) form. For readers' convenience, following we first represent the result on bipartite separability condition given in Ref. [14] (the Observation 2 there).
Theorem 1. Given p = (p 1 , p 2 , · · · , p L ) T and let r i and s j be Bloch vectors of density matrices, we may define two matrices M rp ≡ M r D { r 1 , r 2 , · · · , r L }, M s = { s 1 , s 2 , · · · , s L }, and D p = diag{p 1 , p 2 , · · · , p L } with 0 < p i ≤ 1 and L i=1 p i = 1. The state ρ AB is separable if and only if there exist the number L such that T = M rp M T sp with M r p = 0 and M s p = 0.
It is notable that in the literature there are several forms of definition on the decomposition of separable state. Typically, the homogeneous decomposition
5)
the symmetric decomposition
with p i > 0 and L i=1 p i = 1, and the symmetric and homogeneous decomposition
3 The separable decomposition of Werner states and SIC-POVM
The separable decomposition of Werner states
Werner state is an important class of quantum states in the quantum information processing.
At the beginning, in order to see whether there exists an entangled state satisfying the Bell inequality, the Werner state was proposed [5] , in such a form: 
The correlation matrix of the Werner state is then T = τ I (N 2 −1)×(N 2 −1) . In accordance with the conclusion of Theorem 1, for separable Werner state the correlation matrix T can be decomposed into M rp and M sp constructed of the Bloch vectors of the subsystem A and B respectively,
Here,
and τ = αβ.
Assume matrix Q to be invertible and in such a form
5)
which implies p 1 = · · · = p N 2 = 1 N 2 and a i are N 2 − 1 dimensional real vectors, we show that one can always find a group of vecotrs { a 1 , a 2 , · · · , a N 2 } to satisfy M r p = M s p = 0.
Proof. If Q is invertible then homogeneous linear equation group Q λ = 0 has only null solution, that is    λ 1 a 1 + λ 2 a 2 + · · · + λ N 2 a N 2 = 0
if and only if λ 1 = λ 2 = · · · = λ N 2 = 0. So, a 1 , a 2 , · · · , a N 2 are affine independent and constitute a N 2 − 1 dimensional simplex [19] . In the case of Q ∈ SO(N 2 ), the angle θ between any two vectors of { a 1 , a 2 , · · · , a N 2 } is cosθ = −1 N 2 −1 and hence constitute a N 2 − 1 dimensional regular simplex.
As for Lemma 3, its fulfillment comes from the fact that b i can be determined uniquely by a i due to
Note, the (3.7) can be expressed as
Taking the ith column of both sides of (3.8), we have
Here, e i is a N 2 dimensional vector with ith entry being 1 and others being 0. This is a linear equation group of β i , which can be calculated by Cramer's ruler. The (3.9) tells that vector b i is uniquely determined by a i .
From Lemmas 1 and 3, we can find a proper simplex S = { a 1 , a 2 , · · · , a N 2 } with a 1 + a 2 + · · · + a N 2 = 0, and also the simplex
According to Theorem 1, we then get the Bloch vectors r i and s i ,
Eq. (3.10) indicates that in principle it is possible for us to decompose the separable Werner states by means of the simplex in Bloch-vector space. However, in practice, it is hard to know whether there is the exact simplex or not. One exception is the case of N = 2,
where the Bloch-vector space is a unit ball and we can perform the decomposition in light of Eq. (3.10). Though it is hard to decompose high dimensional Werner states by general simplex, we find one can readily realize it by employing the regular simplex. To this end, one needs first consider the relation between the regular simplex and SIC-POVM.
SIC-POVM and regular simplex in the Bloch-vector space
A SIC-POVM [15, 20] in dimention N can be defined as a set of N 2 rank-1 projectors 
Since ρ i and ρ j are pure states, | r i | = | r j | = 2(N −1) N , and the angle θ between r i and r j (i = j)
is
Obviously, these N 2 vectors r i constitute exactly a regular simplex. If we reverse the derivation above, we can conclude that if there exists a regular simplex in Bloch-vector space, then the density matrices of theses Bloch vectors constitute a SIC-POVM. Then, we have So, the question whether there is a regular simplex in the Bloch-vector space with arbitrary dimension is now equivalent to the existence of SIC-POVM. As for the existence of SIC-POVM, there have been a lot of studies in the literature [21, 22] . So far, the exact solutions for SIC-POVM are obtained for N = 2 to 16, 19, 24, 28, 35, 48, 120, 124, and 323, while numerical results exist for N up to 151 in every dimension [22] . These results somehow encourage us to conjecture that the SIC-POVM may exist in any finite dimension, and hence the decomposition forms for separable Werner states.
The decomposition of Werner states by regular simplex
By Lemma 2, if S is chosen as a regular simplex S + and | a i | =
, Q is then an orthogonal matrix. Therefore, b i = a i holds for every i, and we have, We can define a i = N +1 2N η i and then have For 
Now that the separable Werner states can be decomposed homogeneously, it is interesting to know whether there is symmetric decomposition or not, which from the standpoint of the Bloch vector means r i = s i for all i. From Eq. (3.14), this condition asks α = β, means τ ≥ 0. Therefore, we can decompose Werner states symmetricly and homogeneously while φ ≥ 1 N , which agrees with the conclusion in Ref. [13] .
Observation 3. The separable Werner states can be decomposed into symmetric and homo- The separable Werner states are decomposed via regular simplex in Bloch-vector space, which has an explicit geometrical structure, as illustrated in Figure 2 . In the regular simplex approach the separable Werner states are decomposed into different forms depending on the choices of α and β. Taking α = 2 N (N +1) we demonstrate the decomposition procedure. Fig. 1 shows the different ranges of separable and entangled Werner states respectively. Fig. 2 schematically exhibits the Bloch-vector space in arbitrary dimension, where { η i , η j , η k , η l } denote regular simplex S + , { r i , r j , r k , r l } and { s i , s j , s k , s l } represent regular simplexes on the smaller spheres.
Starting at τ = 2 N (N +1) , since α = 2 N (N +1) corresponds to the largest simplex { η i , η j , η k , η l }, we only need to consider subsystem B. The state can then be decomposed by the largest reg- Figure 2b . Analogously, for smaller τ , the states may be decomposed by smaller regular simplex { s i , s j , s k , s l }, and so on till τ = 0, whence the { s i , s j , s k , s l } becomes a point and hence we cannot get a decomposition. Nevertheless, when τ = 0, the state turns to be maximal mixed state whose decomposition is trivial. As τ goes even smallerr, viz. τ < 0, the states can be decomposed by (4.1)
In Bloch representation, the Isotropic states can be expressed as 
The decomposition of separable Isotropic states
Since the Isotropic states and its subspace separable Isotropic state are both convex sets, for the decomposition of separable Isotropic state we need only to consider two endpoints F = 0 and F = 1 N . In Bloch representation they can be expressed as Similarly, for the separable Werner states the two endpoints in Bloch representation can be written as,
(4.5)
Comparing (4.4) with (4.5), one may find ρ ISO (F = 0) = ρ T 1 W (φ = 0) and ρ ISO (F = 1 N ) = ρ T 1 W (φ = 1). Therefore, we then have following conclusion: This result had been given in Ref. [9] .
Examples
As illustrations of the decomposition scheme introduced in above, we calculate the N = 2 and N = 3 cases and compare our result with Wootters' decomposition for N = 2.
Wootters' decomposition [10, 11]
A 2 × 2 Werner states may express as [11] ,
where |Ψ − denotes the singlet state and 0 ≤ q ≤ 1, which we know is not the proper q range.
In this sense the Ref. [11] only discussed the decomposition of N = 2 Werner states partly.
The decomposition calculation of the separable Werner states in Ref. [11] can be readily extend to the proper q region, i.e. − 1 3 ≤ q ≤ 1 3 . Note, the N = 2 Werner states can be expressed as the form of convex combination, namely
with |Ψ ± and |Φ ± being the Bell states, and phase angles θ 1 , θ 2 , θ 3 , θ 4 satisfying
It is easy to verify that z i |z j = q for i, j = 1, 2, 3, 4 and i = j, which implies that the Bloch vectors corresponding to |z i constitute a regular tetrahedron in the Bloch-vector space.
Since Eq. (5.3) does not determine θ 1 , θ 2 , θ 3 and θ 4 uniquely, the Wootters's decomposition is therefore not unique. In the appendix of Ref. [11] , authors found a solution of Eq. (5.3) .
, and sin θ 4 = 1+q 2(1−q) , which yields the following decomposition:
where |a i and |b i represent the pure states of the subsystems A and B, respectively.
With some manipulation, we can get
(5.5) implies that the Bloch vectors corresponding to |a i (|b i ) constitute tetrahedrons in the Bloch-vector space of subsystem A (B) apart from q = 0(the four Bloch vectors will be coplanar in this case). Of these tetrahedrons, the q = ± 1 3 corresponds to a regular tetrahe- dron, others to a compressed regular tetrahedron, which are schematically shown in Figure   3 a and b respectively. In terms of Bloch representation, the above Wootters' decomposition can apply to the decomposition of separable Werner states in simplexes(tetrahedrons), which satisfy the Lemma 3 condition: a 1 + a 2 + a 3 + a 4 = 0 and S = { a 1 , a 2 , a 3 , a 4 }. In all, the Wootters' decomposition can be realized by Eq. (3.10).
Our decomposition scheme
Notice that in Wootters' decomposition procedure different states correspond to different simplexes, while in our scheme the decomposition of all separable Werner states proceeds with one regular simplex. Following, we decompose the 2 × 2 and 3 × 3 states for illustration.
In Bloch representation, the 2 × 2 Werner state writes
Here, τ = 2φ−1 3 , −1 ≤ φ ≤ 1, and q = 1−2φ 3 . Making use of the simplexes given in Ref. [21] , for N = 2 we take the following SIC-POVM
The Bloch vectors corrsponding to these quantum states are η 1 , η 2 , η 3 , η 4 , respectively. Substituting α = 1 Here, τ = 3φ−1 12 , −1 ≤ φ ≤ 1. For N = 3, we take following SIC-POVM {|ψ 1 ψ 1 | , |ψ 2 ψ 2 | , |ψ 3 ψ 3 | , |ψ 4 ψ 4 | , |ψ 5 ψ 5 | , |ψ 6 ψ 6 | , |ψ 7 ψ 7 | , |ψ 8 ψ 8 | , |ψ 9 ψ 9 |},
(5.10)
The Bloch vectors corrsponding to these quantum states are η 1 , η 2 , η 3 , η 4 , η 5 , η 6 , η 7 , η 8 
Summary
In this paper we proposed a novel scheme for the decomposition of separable Werner states, and we found the technique can be applied to the decomposition of separable Isotropic states.
To this aim, we first associated the decomposition of the separable Werner states to the existence of the SIC-POVM. And then by taking advantage of the largest regular simplex in the Bloch-vector space, the separable Werner states and Isotropic states are decomposed. By
giving explicit examples, it was demonstrated that the new method is efficient and convenient in finding the decomposition form of the separable states. Moreover, we found the decomposition may exhibit geometrically, that every separable Werner state can be decomposed into regular simplexes in the Bloch-vector space of two subsystems respectively.
